A key task in analyzing social networks and other complex networks is role analysis: describing and categorizing nodes by how they interact with other nodes. Two nodes have the same role if they interact with equivalent sets of neighbors. The most fundamental role equivalence is automorphic equivalence. Unfortunately, the fastest algorithm known for graph automorphism is nonpolynomial. Moreover, since exact equivalence is rare, a more meaningful task is measuring the role similarity between any two nodes. This task is closely related to the link-based similarity problem that SimRank addresses. However, SimRank and other existing simliarity measures are not sufficient because they do not guarantee to recognize automorphically or structurally equivalent nodes. This paper makes two contributions. First, we present and justify several axiomatic properties necessary for a role similarity measure or metric. Second, we present RoleSim, a role similarity metric which satisfies these axioms and which can be computed with a simple iterative algorithm. We rigorously prove that RoleSim satisfies all the axiomatic properties and demonstrate its superior interpretative power on both synthetic and real datasets.
INTRODUCTION
In social science, it is well-established that individual agents tend to play roles or assume positions within their interaction network. * This work was supported in part by a NSF CAREER grant (IIS-0953950).
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For instance, in a university, each individual can be classified into the position of faculty member, administrator, staff, or student. Indeed, role discovery in is a major research subject in classical social science [40] . rwInterestingly, recent studies have found not only do roles appear in other types of networks, including food webs [26] , world trade [15] , and even software systems [8] , but also roles can help to predict node functionality. For instance, in a protein interaction network, proteins with similar roles tend to serve similar metabolic functions. Thus, if we know the function of one protein, we can predict that all other proteins having a similar role would also have similar function [17] . In other cases, such as online social networks, there are no a priori role categories. The classifications must be learned based on the interaction patterns.
A central question in studying the roles in a network system is how to define role similarity. In particular, how can we rank two nodes' role similarity in terms of their interaction patterns? Despite its vital importance for network analysis and decades of work by social scientists, joined recently by computer scientists, no satisfactory metric for role similarity has yet emerged. A key issue is the encapsulation of graph automorphism into a role similarity metric: if two nodes are automorphically equivalent, then they should share the same role and their role similarity should be maximal. From a network topology viewpoint, automorphic nodes have equivalent surroundings. Figure 1 illustrates a graph with nodes S1 and J1 being automorphically equivalent. Automorphism can be further generalized in terms of coloration: assuming each node is assigned a color, then two nodes are equivalent if their neighborhoods consist of the same color spectrum [11] .
The traditional social science approach for role analysis has been to define suitable mathematical equivalence relations for nodes so they can be partitioned into equivalence classes (roles). An essential property of these equivalences is that they should positively confirm automorphic equivalence, i.e., if any two nodes are automorphic, then they are role-equivalent. (The converse is not necessarily true.) Confirming automorphism is verifying a solution, which is often algorithmically less complex than discovering a solution. Thus though there is no known polynomial-time algorithm for discovering graph automorphism, 1 role equivalence algorithms [3, 5, 35] can still guarantee to satisfy the aforementioned automorphism confirmation property. These equivalence rules also directly correspond to the aforementioned coloration.
However, by relying on strict equivalence rules, these role modeling schemes can produce only binary similarity metrics: two nodes are either equivalent (similarity = 1) or not (similarity = 0). In real-world networks, usually only a very small portion of the node-pairs would satisfy an equivalence criteria [27] and among same  number  per class   {S1,J1},{S2,J2}, {S3,S4,J3,J4},  {L3,L4,L5}  Regular  same class  {S1,J1,L1},{S2,J2,L2},  {S3,S4,J3,J4,L3,L4,L5}   Table 1 : Equivalence Classes for Figure 1 those, many are simply trivially equivalent (such as singletons or children of the same parent). In addition, strict rule-based equivalence is not robust with respect to network noise, such as falsepositive or false-negative interactions. Thus, it is desirable in many real world applications to rank node-pairs by their degree of similarity or provide a real-valued node similarity metric. Recent research works have proposed various measures of node similarity based on similarity of interactions. Leicht [21] defines a to be similar to b if a's neighbor is similar to b. This definition does not fit the class-based concept of roles. Jeh's SimRank [18] is based on the following principle: "two nodes are similar if they link to similar nodes". Mathematically, for any two different nodes x and y, SimRank computes their similarity recursively according to the average similarity of all the neighbor pairs (a neighbor of x paired with a neighbor of y). A single node has self-similarity value 1. This is equivalent to the probability that two simultanous random walkers, starting at x and y, will eventually meet. Most other node structural similarity measures [1, 12, 22, 43, 44, 45] are variants of SimRank. Though SimRank seems to capture the intuition of the above recursive structural similarity, its random walk matching does not satisfy the basic graph automorphism condition. For example, in Figure 1 , though S1 and J1 are automorphically equivalent, SimRank assigns them a value of 0.226. We discuss this further in Section 3.2. To our best knowledge, there is no available real-valued structural similarity measure satisfying the automorphic equivalence requirement. Since automorphic equivalence is a pivotal characteristic of the notion of role, its lack disqualifies these existing measures from serving as authentic role similarity measures.
Thus we have an open problem: Can we derive a real-valued role similarity measure or ranking which complies with the automorphic equivalence requirement? In this paper, we develop the first real-valued similarity measure to solve this problem. In addition, our measure is also a metric, i.e., it satisfies the triangle inequality.
The key feature of our role similarity measure is a weighted generalization of the Jaccard coefficient to measure the neighborhood similarity between two nodes. Unlike SimRank, which considers the average similarity among all possible pairings of neighbors, our measure counts only those pairs in the matching of the two neighbor sets which maximizes the targeted similarity function.
ROLE EQUIVALENCE
In social network analysis, the traditional approach for discovering role groups is to define a equivalence relation and to partition the actors into equivalence classes. Actors who fulfill the same role are equivalent. Over the years, four definitions have stood out. These four, in decreasing order of strictness, are structural equivalence, automorphic equivalence, equitable partition, and regular equivalence. Figure 1 shows how these different definitions generate different roles from the same network.
Let G = (V, E) be a graph with vertex set V = {v1, ..., vn} and edge set E. For any node v ∈ V , let N (v) be the neighbors of v and Nv be the degree of v. • Structural Equivalence: Two actors are structurally equivalent if they interact with the same set of others [24] . Mathematically, u and v are structurally equivalent if and only if N (u) = N (v). For example, consider the extended family shown in Figure 1 . S1, J1, and L1 are siblings, S2, J2, and L2 are spouses, and the remaining nodes are their children. Each family's children, {S3, S4}, {J3, J4}, and {L3, L4, L5}, form a nontrivial equivalence class. However, none of the parents can be grouped together via structural equivalence. This model is too strict to be useful for simplifying a large network and to discover meaningful roles. • Automorphic Equivalence: Two actors (nodes) u and v are automorphically equivalent if there is an automorphism σ of G where v = σ(u) [4] . An automorphism σ of a graph G is a permutation of vertex set V such that for any two nodes u and v,
In social terms, u and v can swap names, along with possibly some other name swaps, while preserving all the actor-actor relationships. Let Γ(G) be the group of all automorphisms of graph G. For any two nodes u and
The equivalence classes generated under Γ(G) (or ≡) are called orbits. The equivalence class for vertex v ∈ V is called the orbit of v, and denoted as
Each orbit corresponds to a role in the automorphic equivalence. Understanding the importance of automorphic equivalence and applying it to role modeling was a major breakthrough in classical social network research. In our example Figure 1 , from the topology alone, we cannot distinguish between the Smith family and the Jones family. The Lee family is distinct, because it has three children instead of two. Therefore, the equivalence classes are {S1, J1}, {S2, J2}, {S3, S4, J3, J4}, {L1}, {L2}, and {L3, L4, L5}. Interestingly, automorphically equivalent classes must have equivalent indirect relations as well, such as equivalent in-laws and cousins. However, automorphic equivalence is hard to compute and still very strict.
• Exact Coloration (Equitable Partition): An exact coloration of graph G assigns a color to each node, such that any two nodes share the same color iff they have the same number of neighbors of each color [10] . Nodes of the same color form an equivalence class. An exact coloration is also referred to as equitable partition [14] and graph divisor [7] and is often applied in the vertex classification/refinement for canonical labeling in a graph isomorphism test [32, 29] . A graph may have several exact colorations; in general we seek the fewest colors. In our example, structural equivalence and automorphic equivalance offer two different exact colorations. Exact coloration relaxes automorphism by considering only immediate neighborhood equivalence, yet it still embodies a recursive aspect to role modeling. • Regular Equivalence (Bisimulation): Two actors are regularly equivalent if they interact with the same variety of role classes, where class is recursively defined by regular equivalence [41] . Unlike automorphic equivalence and exact coloration, regular equiv-alence does not care about the cardinality of neighbor relationships, only whether they are nonzero. For example, using regular equivalence, all three families are now equivalent. There are only three equivalence classes: sibling − parent{S1, J1, L1}, spouse − parent{S2, J2, L2}, and child. Note that under regular equivalence, any two automorphically equivalent nodes may be merged into the same regular equivalence class. In computer science, the regular equivalence is often referred to as the bisimulation, which is widely used in automata and modal logic [28] .
AXIOMATIC ROLE SIMILARITY
An equivalence relation, however, tells us nothing about nonequivalent items. The real-world need is for a measure that not only recognizes automorphic equivalence, such as Smith child/spouse/parent to Jones child/spouse/parent ( Figure 1 ), but also tells us that a Lee child/spouse/parent has strong similarity to a Lee or Smith child/spouse/parent. Over the years, several methods have been developed for addressing various link-based similarity problems (co-citation [34] , coupling [20] , SimRank [18] ). Recently, several researchers have tried to apply these measurements to role modeling [17, 45] . However, none of these encompass the aforementioned automorphic equivalence property and thus are inadequate for measuring role similarity. To deal with this shortcoming and to clarify the problem, we first identify a list of axiomatic properties that all role similarity measures should obey.
DEFINITION 1. (Axiomatic Role Similarity Properties)
Given a graph G = (V, E), any sim(a, b) that measures the neighborbased role similarity between vertices a and b in V should satisfy properties P1 to P5:
Any node similarity measure satisfying the first four conditions (without triangle inequality) is called an admissible role similarity measure. Any node similarity measure satisfying all five conditions is an admissible role similarity metric.
Property 1 describes the standard normalization where 1 means fully similar and 0 means completely dissimilar (i.e., the two neighborhoods have nothing in common). Property 2 indicates that similarity, like distance, must be symmetric. Property 3 expresses our idea that fully similar means automorphically equivalent. Property 4 claims that the similarity between two nodes is equal to the similarity between equivalent members of the first two node's respective equivalence classes. In other words, we can simply define the similarity for the orbits, i.e., sim(Δ(u), Δ(v)) = sim (u, v) . This guarantees consistency of values at an orbit-level. Property 5 assumes the measure is metric-like, i.e., satisfying the triangle inequality. This is much stronger than transitivity, enforcing an ordering of values.
Note that Property 5 implies Property 4. However, since most similarity measures do not necessarily satisfy the triangle inequality, we specify Property 4 separately. Further, Property 3 is an essential criterion which distinguishes the role similarity measure from other existing measures. As we discussed earlier, the automorphic equivalence can be relaxed to exact coloration or regular equivalence. In this case, we may replace Property 3 accordingly.
Our work will focus on the automorphic equivalence though it can handle its generalization as well. 
Thus, if we partition the nodes into equivalence classes where similarity equals 1, we can simply record the similarity values between equivalent classes. Let Δ(x) and Δ(y) be the equivalence classes for node x and y, respectively. Then, we can define sim(Δ(x), Δ(y)) = sim(x, y).
Binary-Valued Role Similarity Measures

THEOREM 2. (Binary Admissibility) Given any equivalence relation that also satisfies automorphism confirmation (P3), its binary indicator function is an admissible similarity metric.
The proof of the Theorem is omitted due to lack of space and can be found in [19] . Note that automorphic equivalence, regular equivalence, and exact coloration all satisfy P3, so they are admissible metrics. Though these similarity measures are admissible, binary-valued measures do not help us to understand the degree of similarity or dissimilarity. We would like a real-valued measure that ranks the degree of role similarity.
Before presenting our proposed real-valued role similarity metric for network roles, we first examine some similarity measures proposed in earlier works.
SimRank is Not Admissible
The SimRank [18] similarity between nodes u and v is the average similarity between u's neighbors and v's neighbors:
where β is a decay factor, 0 < β < 1, so that the influence of neighbors decreases with distance. The original SimRank measure is for directed graphs. Here, we focus on its undirected version, though our comments also hold for the directed version. SimRank values can be computed iteratively, with successively iterations approaching a unique solution, much as PageRank [31] does. THEOREM 3. SimRank is not an admissible role similarity measure.
Proof:
We give examples where property 3 (automorphic equivalence) does not hold. In Figure 2 (a), a and b have the same neighbors. By even the strictest definition (structural equivalence), a and b have the same role. However, since SimRank's initial assumption is that there is no similarity among c, d, and e, when it computes the average similarity of a and b's neighbors, it does not discover that a and b have equivalent neighborhoods. Assuming the best case where c, d, and e are in fact equivalent and using β = 0.15, SR(a, b) converges to only 0.667. If the neighbors are not equivalent, a to b should still be equivalent, but SimRank gives an even lower value. SimRank has an another problem (Figure 2 We note that other variants of SimRank [1, 12, 22, 43, 44 , 45] also do not meet the automorphic equivalence property for to similar reasons. More discussion of these variants can be found in [19] .
ROLESIM: A REAL-VALUED ADMISSIBLE ROLE SIMILARITY
To produce an admissible real-valued role similarity measure, we face two key challenges: First, it is computationally difficult to verify the automorphic equivalence property. Though not proven to be NP-complete, the graph automorphism problem has no known polynomial algorithm [13] . Second, all the existing real-valued role similarity measures have problems dealing with even simple conditions such as structural equivalence (Subsection 3.2). To meet these challenges, we take the following approach: Given an initial simplistic but admissible role similarity measurement for each pair of nodes, refine the measurement by expressing similarity in terms of neighboring values, while maintaining the automorphic and structural equivalence properties. Next, we formally introduce RoleSim, the first admissible real-valued role similarity measure (metric) and its associated properties.
RoleSim Definition
Given a graph G = (V, E), the RoleSim measure realizes the recursive node structural similarity principle "two nodes are similar if they relate to similar objects" as follows. 
The parameter β is a decay factor, 0 < β < 1.
The decay factor, similar to the one used in PageRank [31] , both dampens the recursive effect and guarantees a minimal RoleSim score of β. We will sometimes abbreviate RoleSim(u, v) as R (u, v) . R refers to the entire matrix of values. Figure 3 illustrates the matching process. The (x, y) grid is the subset of the RoleSim matrix of values corresponding to the pairings of neighbors of these two vertices. A matching selects one cell per row and column. If the number of rows differs from the number of columns, then the matching size is limited to |M (u, v)| = min(Nu, Nv). A maximal matching is a matching where the total value of selected cells is maximum. In contrast, SimRank computes the average of every cell in the neighbor grid. 
Relation to Jaccard Coefficient
RoleSim employs a generalization of the Jaccard coefficient, which measures the commonality between two sets A and B as J(A, B) = |A∩B| |A∪B| . Previous works [12] have used this index to compare node neighborhoods; several variants exist [30] . Our denominator is similar to that of the Tanimoto coefficient [37] , which measures simlarity between multisets or between vectors. In our generalization, however, sets A and B are not vectors and need not share any common elements; instead, there is a weighted matching M between similar elements in A and B, i.e., 
Relation to Weighted Matching
The definition and significance of the RoleSim for any node pair (u, v) is closely related to maximal weighted matching. For any nodes u and v in graph G, define a weighted bipartite graph
Using this, we can represent RoleSim(u, v) in terms of maximal weighted matching M. In Figure 3 , the shaded cells represent the maximal matching: 0.7 + 0.6 + 0.3 = 1.6. 
Proof: We need to show that Equations (1) and (5) (1) and (5) are constant and identical. It is then a trivial observation that the numerators are in fact the same. Therefore, the maximal value fo the entire Equation (1) is the same as the value in (5). 2 Theorem 4 not only shows the key equilibrium of role similarities between pairs of nodes in a graph G, but shows that RoleSim may be computed using existing maximal matching algorithms.
RoleSim Computation
RoleSim values can be computed iteratively and are guaranteed to converge, just as in PageRank and SimRank. First we outline the procedure. In the next section, we prove that the calculated values comprise an admissible role similarity metric.
Step 1: Let the initial matrix of RoleSim scores be R 0 , estimated but admissible scores between any pair of nodes in G.
Step 2: Compute the k th iteration R k scores from the (k − 1) th iteration's values, R k−1 . Specifically, for any nodes u and v,
Based on Theorem 4, we compute Equation (6) 
This can be proven by showing that the maximum absolute difference between any R k (u, v) and R k+1 (u, v) is monotonically decreasing. The proof can be found in [19] . Unlike PageRank and SimRank which converge to values independent of the initialization, the convergent RoleSim score is sensitive to the initialization. Rather than being a disadvantage, this sensitivity provides the necessary relaxation to compute automorphic role similarity in polynomial time, by utilizing the initialization as prior knowledge.
Admissibility of RoleSim
Here, we present one of the key contributions of this paper: the axiomatic admissibility of RoleSim. If the initial computation is admissible, and because the iterative computation of Equation (5) maintains admissibility (i.e., is an invariant transform of the axiomatic properties), then the final measure is admissible. THEOREM 6. (Invariant Transformation) If the k th iteration RoleSim k is an admissible role similarity metric, then so is RoleSim k+1 .
For each axiomatic property P , we must show "If the k th iteration RoleSim k satisfies Axiom P , then so does RoleSim k+1 ." Properties 1 (Range) and 2 (Symmetry) are trivially invariant, so we will focus on the other three. Automorphism Confirmation Invariance Proof: For nodes u ≡ v, there is a permutation σ of vertex set V , such that σ(u) = v, and any edge (u, x) ∈ E iff (v, σ(x)) ∈ E. This indicates that σ provides a one-to-one equivalence between nodes in N (u) and N (v). Also, u and v have the same number of neighbors, i.e., Nu = Nv. So, it is clear that the maximal weighted matching 
Triangle Inequality Invariance Proof: For iteration k, for any nodes a, b, and RoleSim k (a, b) . We must prove that this inequality still holds for the next iteration:
where M is the maximal weighted matching between N (a) and N (c), and thus, d k+1 (a, c) . We break down the proof into three cases:
Then using our observation above:
Cases 2 and 3 can be proven by a similar technique; the details are in [19] . By combining the admissible initial configurations given in Sec 4.4 with Theorem 6 on invariance, we have shown that the iterative RoleSim computation generates a real-valued, admissible role similarity measure. THEOREM 7. (Admissibility) If the initial RoleSim 0 is an admissible role similarity measure, then at each k-th iteration, RoleSim k is also admissible. When RoleSim computation converges, the final measure lim k→∞ RoleSim k is admissible.
Initialization
According to Theorem 7, an initial admissible RoleSim measurement R 0 = I(·) is needed to generate the desired real-valued role similarity ranking. What initial admissible measures or prior knowledge should we use? We consider three schemes:
1. ALL-1 : I(u, v) = 1 for all u, v.
Degree-Binary (DB):
If two nodes have the same degree (Nu = Nv), then I(u, v) = 1; otherwise, 0.
Degree-Ratio (DR): I(u, v) = (1 − β) min(Nu,Nv
) max(Nu,Nv ) + β. These schemes come from the following observation: nodes that are automorphically equivalent have the same degree. Basically, equal degree is a necessary but not sufficient condition for automorphism. This observation is key to RoleSim: degree affects both the size of a maximal matching set and the denominator of the Jaccard Coefficient. Its proof is omitted due to lack of space and can be found in [19] . Note that SimRank's initialization (SimRank 0 (u, v) = 1 iff u = v) is NOT admissible, because it does exactly the wrong thing: setting the initial value of any potentially equivalent nodes to 0. SimRank iterations try to build up from zero. However, due to its problems with structural equivalence and odd-length paths that we noted, SimRank will never increase the value enough to discover equivalent pairs that were neglected at the start.
In addition, we make the following interesting observation (based on the definition of RoleSim formula): Let R 1 (ALL−1) be the matrix of RoleSim values at the first iteration after R 0 = 1 (All-1 initialization); and let R 0 (DR) be the matrix of RoleSim initialized by the Degree-Ratio (DR) scheme. Then, R 1 (ALL − 1) = R 0 (DR). Basically, the Degree-Ratio (DR) is exactly equal to the RoleSim state one iteration after ALL-1 initialization. Thus, ALL-1 and DR generate the same final results. The simple formula for DR is much faster than neighbor matching, so DR is essentially one iteration faster. On the other hand, we may consider the simple ALL-1 scheme to be sufficient, since it works as well as the more sophisticated DR. Especially, after the simple initialization, RoleSim's maximal matching process automatically discriminates between nodes of different degree and continues to learn differences among neighbors as it iterates. In our experiments, we will further empirically study these initialization schemes.
Computational Complexity
Given n nodes, we have O(n 2 ) node-pair similarity values to update for each iteration. For each node-pair, we must perform a maximal weighted matching. For weighted bipartite graph (N (u)∪ N (v), N(u) × N (v)), the fastest algorithm based on augmenting paths (Hungarian method) can compute the maximal weighted matching in O(x(x log x + y)), where x = |N (u) ∪ N (v)| and y = |N (u)| × |N (v)|.
A fast greedy algorithm offers a 1 2 -approximation of the globally optimal matching in O(y log y) time [2] . If an equivalence matching exists (i.e., w(M) = max (Nu, Nv)), the greedy method will find it. This is important, because it means that a greedy RoleSim computation still generates an admissible measure. Using greedy neighbor matching, the time complexity of RoleSim is O (kn 2 d ) , for k iterations, where d is the average of y log y over all vertexpair bipartite graphs in G. The space complexity is O(n 2 ). We note that in order to handle very large graphs, in [19] , we introduce an interesting iceberg RoleSim computation algorithm which can discover high RoleSim pairs without full materializing the entire RoleSim matrix. It is beyond the scope of this paper and we omit its further discussion.
EXPERIMENTAL EVALUATION
In this section we experimentally investigate the ranking ability and performance of the RoleSim algorithm for computing role similarity metric values. We analyze the effect of different initialization schemes, and compare RoleSim to several state-of-the-art node similarity algorithms Specifically, we focus on the following:
1. How do different initialization schemes perform in terms of their final RoleSim score and computational efficiency?
2. Do node-pairs with high RoleSim scores have similar network roles, and for any two nodes known to have similar network roles, do they have high RoleSim scores?
Clearly, the ideal validation study requires an explicit role model and role similarity measure, which often do not exist. In the following study, we utilize a well-known role-related random graph model and external measures of real datasets which provide strong role indication for these evaluations.
We set β = 0.1 for both RoleSim and SimRank, defining convergence to be when values change by less than 1% of their previous values. We ran several RoleSim tests with both exact matching and greedy matching. The results were nearly identical (> 90% of cells have no difference; maximum difference was small), so we focus on greedy matching from here on. We implemented the algorithms in C++ and ran all large tests on a 2.0GHz Linux machine with dual-core Opteron CPU and 4.0GB RAM.
For our tests, we use three types of graphs: • BL: probabilistic block-model [39] , where each block is generally considered to be corresponding to a role [42] . Here, nodes are partitioned into blocks. Each node in block i has probability p ij of linking to each node in block j. Thus, the underlying block-model may serve as the ground-truth for testing role similarity.
• SF: Large Scale-Free random graphs 2 offer another model of large social or complex networks.
• Real-world networks, with a measureable feature similar to social role, are used for validating RoleSim performance.
Comparing Initialization
In Section 4.4 we saw that Degree-Ratio generates the same results as ALL-1 by shortcutting the first iteration. This reduces computation time by roughly 10%. Now we ask: Does Degree-Binary initialization (DB, binary indicator which equals 1 when degrees Nu = Nv) give similar results, quickly? 
Figure 4: Avg. similarity ranking for nodes in the same block
We ran RoleSim using both ALL-1 and DB on 12 graphs, some scale-free and some block-model, having 500 to 10,000 nodes, and edge densities from 1 to 10. We then converted values to percentile ranking, where 100% means the highest value and 50% is the median value. Test results are summarized in Table 2 . The high correlation coefficient means the rankings are virtually identical, so the rankings are not very sensitive to the initialization method. Moreover, DB took 20% from 68% less time to converge. Overall, DB seems to be the preferred initialization scheme in terms of computational efficiency. Thus, we adopt it for the rest of the experiments.
General Role Detection
How well does RoleSim discover roles in complex graphs? Specifically, given a ground truth knowledge of roles, do nodes having similar roles have high scores? To answer this, we generated probabilistic block-model graphs, where blocks behave like "noisy" roles, due to sampling variance. We generated graphs with N = 1000 nodes and either 3 or 5 blocks. We varied the edge density |E| |V | , with higher densities for graphs with more blocks. The size of each block and the pij values were randomized; we generated 3 random instances for each graph class. We compared RoleSim to the state-of-the-art SimRank, SimRank++ [1] , and P-SimRank [12] measures.
For each measure and trial, we ranked its similarity scores. This normalizes the scoring among the four measures. Next, for each graph, we computed the average rank of all pairs of nodes within the same block, then averaged the three trials for each graph class.
Our results (Figure 4) show that RoleSim outperforms all other algorithms across all the tested conditions. None of the algorithms score perfectly, due to the inherent edge distribution variance of the probabilistic model. P-SimRank is better than SimRank, perhaps because it uses Jaccard Coefficient weighting, a step towards our RoleSim approach. Accuracy takes time. SimRank and Sim-Rank++ run at the same speed. P-SimRank is about twice as slow, taking 184s to complete the most dense graph. RoleSim took 948s to complete the same graph.
Real Dataset: Co-author Network
We applied RoleSim and the best alternative measure, P-SimRank, to a real-world network having an external role measure. Our first dataset [36] is a co-author network of 2000 database researchers. Two authors are linked if they co-authored a paper from We pruned the network to the largest connected component (1543 nodes, 15483 edges). An author's role depends recursively on the number of connections to other authors, and the roles of those others. Hence, it measures collaboration. We use the Gindex as a proxy measure for co-author role (H-index provides similar results and is omitted here). The G-index measures the influence of a scientific author's publications, its value being the largest integer G such that the G most cited publications have at least G 2 citations. While G-index and co-author role are not precisely the same, G-index score is influenced strongly by the underlying role. High impact authors tend to be highly connected, especially with other high impact authors. If a paper is highly cited, this boosts the score of every co-author. Thus, we expect that if two authors have similar G-index scores, their node-pair is likely to have a high role simlarity value. To normalize RoleSim, P-SimRank, and G-index values, we converted each raw value to a percentile rank. Figure 5 (a) addresses our second validation question (high rank→ similar roles?). For the top ranked 0.01% of author-pairs, the average difference in G-index ranking is 20 points, for both RoleSim and P-SimRank, well below the random-pair difference of 33. A below-average difference confirms that the authors are relatively similar. However, as we expand the search towards 10%, RoleSim continues to detect authors with similar authorship performance, while P-SimRank converges to random scoring.
To validate role → rank performance, we binned the authors into 10 roles based on G-index value (bottom 10%, next 10%, etc.). For every pair of authors within the same role decile, we looked up role similarity rank and computed an average per bin. We also computed averages for pairs of authors not in the same bin (dissimilar roles). Figure 6(a) shows our results. The average withinbin RoleSim value is consistently between 55% and 60%, better than the random-pair score of 50, and independent of whether the G-index is high or low. It performs equally well for all roles. P-SimRank within-bin scores (dashed line), however, are inconsistent. Performance of P-SimRank is worse than random for low G-scores, perhaps due to low density of links in the network. For the cross-bin data, the X-axis is the difference in decile bins for the two authors in a pair. The falling line of RoleSim indicates that role similarity correctly decreases as G-index scores become less similar. For P-SimRank, however, the cross-bin scores (dashed line) hover around 50, equivalent to random scoring.
Real Dataset: Internet Network
Our second dataset is a snapshot of the Internet at the level of autonomous systems (22963 nodes and 48436 edges), as generated Several studies have confirmed that the Internet is hierarchically organized, with a densely connected core and stubs (singly-connected nodes) at the periphery [38, 6] . A node's position within the network (proximity to the core) and its relation to others affects its efficiency for routing and its robustness. Inspired by [6] , we use K-shells to delineate roles.
The K-core of a graph is the induced subgraph where every node connects to at least K other nodes in the subgraph. If K > K, then the K -core must be an induced subgraph of the K-core. The Kshell is defined as the 'ring' of nodes that are included in a graph's (K − 1)-core but not its K-core. Thus we can decompose a graph into a set of nested rings, becoming denser as we move inward.
Using K-shells as our roles, we perform tests and analyses similar to those of the coauthor network. In Figure 5 (b) we see that both measures do well for the top 0.1%, but P-SimRank's falters significantly when the range is expanded to the top 1%.
Next, we treat K-shells the same way that we treated G-index decile bins in the previous test. See Figures 6(b) and 6(c). Unlike decile bins, the shells do not have equal sizes. K-shells 1, 2, and 3 together contain 92% of all nodes. To clarify how these three shells dominate, we also show horizontal lines representing the combined weighted average rank of all within-shell comparisons. RoleSim's within-shell values are consistently high, averaging 70%. Conversely, P-SimRank finds strong above-average similarity for the small high-K shells, but nearly random similarity for shells 1 to 3, pulling its overall performance down to 50%.
In cross-shell analysis, RoleSim is able to distinguish different shells very well: RoleSim approaches zero as shell difference approaches maximum. On the other hand, P-SimRank shows almost no correlation to shell difference. Many of its scores are aboveaverage when they should be below-average (dissimilar). On the whole, it seems that P-SimRank is not detecting role, but something related to connectedness and density.
In all these experiments, we can see that RoleSim provides positive answer to the role similarity ranking: 1) node-pairs with similar roles have higher RoleSim ranking than node-pairs with dissimilar roles, and 2) high RoleSim ranking indicates that nodes have similar roles. P-SimRank scores, however, do not correlate with network role similarity.
RELATED WORK
The role similarity problem is a distinct special case of the more general structural or link similarity problems, which find applications in co-citation and bibliographic networks [25] , recommender systems, [1] and Web search [16] . Link similarity means that two objects accrue similarity if they have similar links. 3 Internet dataset, http://www-personal.umich.edu/ mejn/netdata/ Formal definitions of role, which define exactly what is being measured, arose from the social science community [24, 33, 9] . Block partitioning can be used to group nodes directly into roles [42] . However, this does not produce individual node-pair similarities, so it is not useful as a ranking method.
SimRank [18] is the best known algorithm to implement a recursive definition of object similarity: two objects are similar if they relate to similar objects. SimRank has an elegant random walk interpretation: SimRank(a, b) is the probability that two independent simultaneous random walkers, beginning at a and b, will eventually meet at some node. However, the more neighbors that a and b have in common, the less likely that they will both randomly choose the same neighbor. This then explains Sim-Rank's problem with structural equivalence. Recently, Zhao [45] has pointed out that in-neighbor and out-neighbor SimRank can be used as a univeral framework to describe co-citation (common inneighbors), bibliographic coupling (commnon out-neighbors), or a weighted combination of the two. The number of iterations reflects the search radius for discovering similarity. As we note in Section-3.2, SimRank has an undesirable trait: its values decrease when the number of common neighbors increases. Several works have tried to address this problem. SimRank++ [1] adds an evidence weight which partially compensates for the neighbor matching cardinality problem. In [12] , the two walkers are not fully independent. Instead, the overall probability of a meeting b is weighted to be Jaccard coefficient |N(u)∩N(v)| |N(u)∪N(v)| . Recently, MatchSim [23] has also used maximal matching of neighbors to address problems with SimRank's scoring. However, our formulations have important differences. Because they retained SimRank's initialization, their work does not guarantee automorphic equivalence in the final results. Also, their work is intuition-based, without a theory of correctness. They provide one specific formulation, while we define a theoretical framework for any admissible measure or metric. Because RoleSim satisfies the triangle inequality, it is a true metric.
CONCLUSION
We have developed RoleSim, the first real-valued role similarity measure that confirms automorphic equivalence. We have also presented a set of axioms which can test any future measure to see if it is an admissible measure or metric. Our experimental tests demonstrate RoleSim's correctness and usefulness on real world data, opening up exciting possibilities for scientific and business applications. At the same time, we see that other well-known measures, while suitable for other tasks, are not suitable for role similarity. This axiomatic approach may prove useful for developing and validating solutions to other related tasks.
